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Nematic liquid crystal viscosity: Inadequacies of microscopic theories

Agnieszka Chrzanowska*
Institute of Physics, Cracow University of Technology, 30-084 Cracow, Podchorazych 1, Poland

~Received 10 June 1999!

Recently Janiket al. reported measurements of the Miesowicz viscosity coefficients of the nematic liquid
crystal and confronted them with the results of the available theoretical models. They found that none of them
can be successfully applied for the purpose of the Miesowicz-type experiment. In this paper I present an
explanation why the microscopic theories seem inadequate. In particular, I analyze the applicability and
conclusions of the Osipov-Terentjev model, whose final predictions are highlighted to be the same as those of
the Kuzuu-Doi theory. It has been shown that the microscopic theories can perfectly explain the behavior of the
Miesowicz coefficients differenceh32h2 but are inadequate to study their ratioh3 /h2, which is contributed
by the Leslie coefficienta4. A disagreement between experimental data and the theoretical results fora4 is
attributed to the fact that the isotropic contribution toa4 in the nematic phase is beyond the scope of the
theories that are based on the anisotropic orientational distributions.

PACS number~s!: 61.30.2v, 83.70.Jr, 83.85.Jn
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In a recent paper@1# Janik et al. presented an extende
experimental study of the viscous properties of differe
mixtures of mesogenic 4-cyano-48-octyloxybiphenyl ~8
OCB! and 4-butylbenzoate 48-isothiocyanatephenyl~4
TPB!. They measured the Miesowicz coefficientsh1 , h2,
andh3 for different mixture compositions, over a wide rang
of temperature. Because there are many ways to presen
analyze the viscosity coefficients, their ratios, and combi
tions, it seems of great practical importance to choose
most characteristic one in order to systematize the visco
data. In view of this, Janiket al. examined several propor
tionalities and relations, either of phenomenological and
theoretical character, vs their experimental results. In p
ticular, they focused on certain ratios of the viscosities as
ciated with the symmetric part of the stress tensor, and on
Kneppeet al. ~KSS! relations@2#. According to the existing
microscopic theory of Kuzuu and Doi~KD! @3# @and also to
the final results of the Osipov-Terentjev~OT! approach@4# #,
all the symmetric viscosities are predicted to be polynom
in the order parameters with strictly constant coefficien
and scaled with an appropriate diffusion term. On the ba
of this prediction, Janiket al.proposed a type of relation tha
allows one to analyze the roles of ordering and diffus
separately. The second set of relations that they consid
are phenomenological formulas of KSS, which assume
each Miesowicz coefficient can be expressed as a linear c
bination of the other two.

This Brief Report addresses the problem of the appli
bility of the nematoviscosity theory for the purpose of e
perimentalists as it has appeared on the grounds of the w
of Janiket al. In view of the above I distinguish two aspect
The first aspect is related to the nature, suitability, and c
clusions of the OT model within the course of its develo
ment. Since early formulations of the OT theory gave so
incorrect predictions, the whole approach frequently me
with much criticism, as in@1#. It seems important to make
perfectly clear that the OT model with all its elements c
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rectly worked out predicts thesameformulas for the viscosi-
ties as the KD theory. In what follows I shall be using th
abbreviation KDOT to refer to the final common results
these theories. The second aspect concerns the proble
the shear viscosity coefficienta4 ~and consequently the
Miesowicz coefficienth3). For a long time it has not bee
fully realized that in a more ordered phase like the nema
the value ofa4 consistsde factoof two contributions: iso-
tropic (a4

iso) and nematic (a4
nem) @4#. The expressionnematic

contribution is used here for the results obtained stric
within the framework of the analysis resting upon t
orientation-dependent elements~distribution functions and
stresses!, as in the case of the KDOT theory. At the sam
time the behavior of the isotropic liquid phase remains
tirely beyond the scope of the KDOT theory. Although the
have been a few attempts at investigating the transport p
erties of the isotropic phase of a fluid consisted of ani
tropic particles~e.g., hard ellipsoids@5,6#!, to my knowledge
there exists no attempt to build a theory of their isotrop
shear viscosityin the nematic phase. A direct consequence
of this situation is, for instance, that the Kneppe phenome
logical formulas, which are significantly influenced bya4

iso,
cannot be fully understood from a theoretical point of vie
This conclusion is also valid for the ratio of the Miesowic
coefficientsh3 /h2, which attracts a special concern of e
perimentalists. It may come as surprise that the situatio
different for the values ofh32h2. It has been shown tha
KDOT theory can perfectly explain the experimental findi
of Janiket al. that h3 is always larger thanh2.

I begin by presenting a summary of results of the k
papers that contain the evolution of the OT approach@4,7,8#.
Then I discuss the findings fora4 , h32h2, andh3 /h2 that
are available both from theoretical models and experime

The OT model of the nematic viscosity has been dev
oped in three successive papers@4,7,8#. The differences
among these papers result from the used assumption
more detailed discussion of their validity might help to u
derstand this approach.

In the first paper~OT1! @7# the fundamental ideas of th
OT model have been proposed, namely, how to calculate
1431 ©2000 The American Physical Society
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macroscopic stress tensors and the microscopic expression
for the Leslie viscosity coefficientsa i from the statistical
average of the microscopic stress tensorsmic:

s5E smicf ~a!da. ~1!

In Eq. ~1! f (a) stands for the nonequilibrium distributio
function of the molecular orientationsa. A particular form of
f (a) should be provided by the solution of the orientation
Fokker-Planck~FP! equation,

] f

]t
5Dr]kS ]kf 1

f

kT
]kVmfD2]k~ f vk!, ~2!

which governs the Brownian motion of a particle in the flo
ing anisotropic medium. The first term on the right-hand s
of Eq. ~2! describes the diffusion effect with a drift caused
the mean-field potentialVmf . The operator of infinitesima
rotations]k5eki jai(]/]aj ) relates to the gradient operator
the usual translational diffusion.Dr stands here for the rota
tional diffusion coefficient andk is Boltzmann’s constant
Since the macroscopic flow rotates the molecules with a
tain angular velocityv, the corresponding changes in th
distribution functionf (a) are taken into account by the se
ond term on the right-hand side of Eq.~2!.

Assumptions in the OT type of calculations may conce
only two aspects of the theory: the expression forsmic and
the way of solving the kinetic equation~2!.

In OT1 the expressions for the viscosities are determi
due to the ansatz for the microscopic stress tensorsmic. A
general structure ofsmic can be derived by analyzing th
change in the free energy caused by the particles’ rota
due to the macroscopic flow@3#. Consequently,smic exhibits
a similarity to the free energy functional: it is composed
entropic and interaction terms. An analogous feature is
hibited by the FP equation itself. It is possible to see that
entropic term ofsmic is straightforwardly connected with th
standard Brownian term in Eq.~2!, whereas the interaction
part of smic is related to the drift motion term. In@7# the
authors omitted the entropic contribution tosmic. At the
same time it is not possible to omit the corresponding term
the FP equation without destroying it. As a result, the expr
sions presented in@7# for the symmetric viscosities are no
correct, though their magnitude can be regarded to be
sonable. This latter fact is due to the competition of the
tropy and interaction terms in nematic liquid crystals.

The configurational entropy contribution has been
cluded in the second paper~OT2! @8#. In the paper, however
the analysis of the symmetric stress tensor isnot performed
within the framework of the OT approach, but implement
directly from KD @3#. To find a solution for the rotationa
viscosities the authors used the assumption of fast preces
of the molecule around the optical axis of the system. T
idea justifies omitting the terms in the FP equation that
pend on the azimuthal anglew. Also, effectively, the origi-
nally two-variable differential equations become transfor
able into one-dimensional integrals.

In the third paper~OT3! @4# the symmetric viscosity co
efficients are derived strictly within the OT model and sho
to beexactlythe same as the KD formulas. Since in OT3 t
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calculation of the KD formulas from the OT integrals ha
not been explicitly presented, an illustrative example of su
a derivation fora4

nem (a452h3) will be given here. An OT-
type integral fora4

nem has been found as@4#

a4
nem5

1

2
CpE r2f 0H 3kT sin2u1

1

2

]Vmf

]u
sin~2u!J d~cosu!,

~3!

in which r2, the nonequilibrium perturbation, is

r25
1

2Dr
C sin2u. ~4!

C5(p221)/(p211) is the shape anisotropy form facto
with p being the particle’s length-to-width ratio. Using Eq
~3! and~4! andd f0 /du52( f 0 /kT)dVmf /du, the expression
for a4

nem becomes

a4
nem5

kT

4Dr
C2pE sin2uH f 03sin2u2

1

2

] f 0

]u
sin 2uJ d~cosu!

2
kT

4Dr
C2pE f 0H 3 sin5u1

1

2

]

]u
~sin3u sin 2u!J du.

~5!

After integrating by parts one obtains

a4
nem52

kT

4Dr
C2pE du f 0$3 sin5u1~4 sin3u cos2u2sin5u!%

5
kT

2Dr
C2

2

35
~725S222S4!, ~6!

which is exactly the expression fora4
nem in the KD formula-

tion @3#.
Transformation of the OT-approach integrals into the K

formulas is possible only if the full form of the FP equatio
is consideredincludingall thew-dependent terms@this is the
necessary condition to obtain the perturbationr2 in the form
as presented by Eq.~4!#. This fact also reveals that in OT
the formulas for the antisymmetric and symmetric viscosit
are obtained under contradictory assumptions for the
muthal precession. The problem of the fast precession
been already pointed out by Stepanov and replied by Osi
and Terentjev@9#. On the basis of Brown’s analysis of th
Fokker-Planck equation@10#, Stepanov claims that the reor
entation of the nematic molecule is not related to the proc
of overcoming an energy barrier, but is simply a turn of t
molecule to the nearest direction of the symmetry axis.
completeness one should add that undeniable achieveme
OT2 is the statistical model for the rotational diffusion coe
ficient Dr , which scales both the symmetric and the antisy
metric viscosities and which has not been investigated
Kuzuu and Doi.

Janiket al. paid special attention to the relation betwe
the Miesowicz coefficientsh2 andh3 @1#. They found a gen-
eral feature that values ofh2 are always smaller thanh3.
Another striking observation is that the ratioh3 /h2 has a
tendency to be either constant or exhibit values that su
vary over the range of 0.1 The closest theoretical explana
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to their experimental findings about the constant ratio is
result of OT1, that the Miesowicz coefficientsh2 and h3
should be equal. However, the ratio observed in experim
is not close to 1.0 but to 0.9. In order to understand t
disagreement the authors discussed possible connectio
the various modes of molecular reorientations and visco
types. They became convinced that a plausible reason o
above disagreement~and equity ofh2

OT andh3
OT) is the OT1

assumption about strong elongation of the molecule,
which the inertial moments fulfill the inequityI'@I i and
which allows them to rule out the reorientation mode as
ciated with rotation about the long molecular axis. Since
practice, it has been attested that the latter reorientations
meaningful, they can be thought to lower the valueh2 as
compared toh3. Theoretical details of the OT analysis,
already mentioned above, indicate a different reason of
equity of h2

OT and h3
OT , i.e., the negligence of the configu

rational entropy effect. This fact has a much different me
ing from the assumptionI'@I i . It is important to emphasize
this, since configurational entropy effect is very significa
also for infinitely thin particles (I i50) as, for instance, in
the Onsager theory of hard rods.

To find a theoretical explanation of the findings of Jan
et al., let us consider the available information abouth3 and
h2. According to KDOT, the difference between these tw
coefficients is given by the expression

h32h252
1

2
~a21a6!

5
ckT

4Dr
CFC

21

7
~3S214S4!1S21S 12

1

l DS2G ,
~7!

where

l5C
S2

K g
dVmf

du L . ~8!

S2 ,S4 are the order parameters andg is an asymmetric com
ponent of the solutionf of the FP equation.

According to Eq.~7!, the relation betweenh3 and h2
strongly depends on the order degree of the system and o
rotational properties, especially ong15^gdVmf /du&. The
value 1/l refers to the definition of the extinction anglex,

cos 2x52
g1

g2
5

1

l
, ~9!

and is always less then unity as long as the system is bey
the tumbling regime. Taking this fact into account and t
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property that nematic order parameters are always less
unity (S2 ,S4<1) one can immediately see that by virtue
Eq. ~7! the inequalityh2,h3 is always fulfilled. This result
perfectly corresponds to the experimental data and tests
applicability of the KDOT theory.

However, if one takes into account the ratioh3 /h2,

h3

h2
5

1
2 a4

1
2 ~a21a41a6!

, ~10!

the situation becomes more complicated because of the
fluence ofa4. It is so that the microscopic theories can co
sider only the nematic contribution toa452h3 and in any
experiment the total, isotropic and nematic, effect is d
tected. To see this one can look, for instance, at the relat
ship between values ofa4 and a51a6. Due to KDOT re-
sults, the expression fora51a6 reads

a51a65
kT

Dr
C2~3S21S4!/7. ~11!

Comparing Eqs.~6! and ~11! it emerges that the general in
equality a4,a51a6 holds for any liquid crystalline com-
pound, whereas experimentally,a4.a51a6 ~see Table I
with the results for MBBA quoted from@11#! has been
found.

Despite the large number of works devoted to understa
ing nematic liquid crystal viscosity, there are still many u
knowns. The present paper is motivated, then, by the imp
tance of the viscosity experiments, which can provi
information that is not accessible from the theory side, a
may therefore help steer the theoretical investigation. P
ticular attention has been paid to the isotropic contribution
h3, which is much stronger than the nematic one and
which there is at present no theoretical description.

I thank Paulo Teixeira and Mikhail Osipov for reading th
manuscript and for their remarks.

TABLE I. Recommended data fora4 ,a5 ,a6 viscosities for
4-methoxybenzylidene-4-n-butylaniline~MBBA ! @11#.

T ~°C! a4 a5 a6 a51a6

20 0.1095 0.1071 20.0471 0.06
25 0.0826 0.0779 20.0336 0.0443
30 0.0644 0.0572 20.0244 0.0328
35 0.0515 0.0417 20.01763 0.02407
40 0.0422 0.0285 20.01244 0.01606
42 0.0394 0.0224 20.01086 0.01154
44 0.0374 0.0136 20.00917 0.00443
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